
Principal congruence subgroup
-(2)

and

Modular curve X((z)



Congruence subgroup +(2)

T(2) = 2)-2) = 542(k))( 8) = 10 i)mode
F(2) i= 5 (2)/(1 13 < PSk(7)

Lemma : -(2) is a normal subgroup of T1 and

[T+
i 5 (2)) = 6

.



Theorem:
a) F(2) is freely generated by 2 elements ;

Ai = 10) and Bi = (2
%

)
I6) -(2 : = < z = h(Re(z) = Er

, 1)
↑ 1z +2) t

·&· | z - t> Ey

- i·~·*m
- Re(z) = 0- ·..

-(2) is a fundamental domain of the action of -(2) on h.



Proofi

Step 1 : Show that there are no relations between A&B

Let F(d
, B) be the free group with generators <2

-

We will show that the map - : F(X
, B) -> T(z)

given by 5 : < +> A
- B

- B is injective .

Consider the following partition of h
F A

L = FHBHA
-B

· ⑳

- 1 O I

Claim 1: · If z = FUB them
mmm

AYzEA for all Kel 403

· If z e FUA them

B z = B for all K E 1220]



-loe
SAS = (9)(i)(9) =

= (i)(i) = (i)
=

>

- (i) = - B1



- 1

s = (2
. %) +(2)

,

== ( 8 2) SAS = - B

F A SF SB
. ⑳

- -B SA
· ⑳

· ⑳

- 1 O I
- 1 o d

Let m be an element of F(1
, B)

esKe
.

Cr
. Aka

22
... Ks. B E reduced wordM = X B B ... L

· [K -
EH

,
On

, Kafe , ...,
Kst72404

,

2
,

- 1)

Claim 2 : Set M : =x(m) ·

Let z = F.
mu

If K
,
FO then MECA

If K = 0 and 210 then MzzB
We prove this claim by induction on s.

This claim implies the injectivity ofIt.



Ki be ke be Ks Is
Claim2 : Let M = A B A B... A B. and z = F
m

If K
,

FO then MzEA

If K = 0 and 170 then MzzB

We prove this claim by induction on e(M)
,
where

25 if Kn
,
Is F0

2S - I if Ki = 0 and C
,
FOk /

e(M) : = 25-1 if Ke +0 and Is = 0

25- 2 if Kn
,
Ds = 0

useof induction : (M = 1
.

Then M = Ar or M = BP

A- >

A = (84) ...

F
1

F

2n -1BB= =1-
>

- - 2n-1

i

Stepof induction : Claim 1 E

-



We have proven
that the map
-

L: F
, B)

-> T(2) is injective
Step 2 :

-

What about surjectivity of 51 ?

Let (a ) + 5 (2).
#We need to show : (9)& = A pe... As ps s

for some Ki
, 2n ..,

Ka
,
s El.

12(28)= are Bilis·



Consider the following algorithm :

Input : M = (q8a)e +(2)
even

1
.
If El and 210
There exists an integer k such that

zkc
-->

| a+ 2kel < /C) -e · ? ·

a

K

M -(b) M ;

2. If la < /2)

There exists an integerIf such that ,
~

12 + 29e/ < /al -o · Ca ·
e

M -> (2 :)? M ;

3
.
If e = 0 then M = 1 (5> 2)for some bet o

M -> (2) ; finish algorithm



Claim : The algorith terminates for all
m

Me +(2) after a finite number of
steps.

Indeed, 1 al + 12) decreases after each step.

This proves that is : F(
, p) + T(z) is rective

This finishes the proof of part a)



Proof of partby
Claim I implies that for all z ch
at most one T(2-translate of E is contained in E.

It remains to show that for all zeh there

exists MET(2) such that Mz = F.
Z

Consider the following algorithm; ·Input zeh
-n

1. If z E A
then there exists &cl such that A"zeFUB
z- * z

2. If z E B

then there exists & ETL such that Boze FUA
z -> Bez ⑭

3. If z e F return z



Claim : Let Zo
,
En

, .... En ...
be the sequence of values

m

of variable I in the algorithm above. Then

⑳ Im (En + 1 ) , [m(En) Im(A"z) = Im(z)
· Im (-Ent) Im(-En) Im) Bz) = Im(z)
At each step one of this inequalities is strict.

Exercise : Letithand(a)
ESL .

Claim : Algorithm terminates after a finite number
mu

Sof step &

Suppose that En=Et.
· Im (In) Im(z) => ( <nz +duY-+1 =>

finite number

of (Cn
, dn)

finite number
· Im (dn) < Im (z) => (anz + bnT- 1 =

of Can
,

On t
/This finishes the proof of the theorem. A/Ki



Modular curve Xr(z)
Definition :

V : = F(z)) h topological spaceO1r(z) metric space
complex manifold

↑

Riemann surface (complex variety of dimension 1)

↑ *

/
*mmmmT
1-

I

·&
- · ·
!*

----

Ok ↳ I



Definition : Let ↑ < PSL(1) be a

congruence subgroup.
A point E-> h is an elliptic point of t
if the stabilizer Stab (5

, z) : = <We T /vz = z)
is non-trivial.

Lemma ; +(2) has no elliptic points.
Proof : Suppose that (a) + +(2) and z E I

(98)z = z
*

!

* = z c + (d- a)z - b = 0

has complex roots

(d-a)"- 48c = a+ d-2ad-48c = (a + d) "- 4 < 0

This condition implies that la + dk 2



a and d are odd => and is even

Therefore a + d = 0
.

Thus

(8) = a 26

1 . for some c'd'el.
22 - a

Since ad- bc = 1 we have - a- 46=1
Since a is odd

,

then -a = 1 mod 4

This contradicts C) and finishes the proof

\

( I

↑



Definition : A cusp of a congruence
subgroup M is aT-equivalence class of

Q V[c03
.

Lemma ; +(2) has 3 cusps : 1
,

0
,

8

some thoughts about the proof :

Q U403 = (P2(Q) = < [min] /(m ,
n)=I

= <03]

198) ET
,
( &) [Min] = [am + bui cm + du)

(M , n)= 1 ,

a : IP(Q) -> IP(#/2E) < m : n] -> [mmod2
,

n mod2]

i) (Mo) = (2) for all MeTz) and oe IP
, /Q)

I (1/27) = [ [0 : 13
,
[1j03,

[ 1 : 13
O I



Modular lambda function

Poo(z) =Eexin
for (z) = [ 1)"exin e

Po(z) = 2
xiCntz

net

Definition : f(z)
The function X(z):=

% (z)
is called the modular Lambda function



Theorem ;

a) For all (a) -> ↑(2) and Ech we have

x(a) = x(z)

6)I is a holomorphic bijection between
T(2) ( I and P'(K)- 40, 1, 203.

(Yr(z) x x x

Proof : By exercise 5
-

-<

%(b) = (2z +d) z) I

-(b) = (cz +d) to
This implies part a)



Let e - K20
,
23

Set f(z) : = M (E) - 2

We will compute the number of zeroes of

f in a fundamental domain of T(2)(h.

·
·#zeros =

1 IEszt dz25li
·

> inside 2 f(z)

·.. C
- 1

· ne

⑳·aea "· ⑳

·..

- 1 O T



f(Mz) = f(z) for all MeT(2)

ac+b

(8) -> SLc(() z - Ed Edz = (c ++ d)2 dt

If f transforms like a

f(t+1) = f(t)
modular function

-

then

(2++1) f(z
+1) = f(t) f transforms like a weight 2

modular form

di-Stdi-J di = SEPRede oCz BC
,



f(t) =E Cf(n) exin
e

/

Cf(70) +0 ,
Not I

1tit M
-f ·

.
&-en - ·

- I I

as T-> &

1 + iT

6 nezio de = 2Mino Exiordt i
-

HIT e

for <A40,1)

lim X(z) = 0 ordf(x - c) = 0

x-C
z -> N

lic x(z) = 1 ordo (x - c) = 0

=>
has exactly

z -> 0
one zero

lin x (z) = 00 ord1 (x-2) =-1 in a fundamental
z- 1 domain.

*



Definition : X-function is a modul for (2)

Definition : A congruence subpop TCSL()
is a congruence subgroup of genus o

if T h is homeomorphic to IP (K)(finiteints)
iso as Riemann surfaces

A holomorphic function f: Th -> IP(K) /finiteents)
- is 1 : 1

then - is a Hauptmodul for M
Remark : x - function is a weakly holomorphic

modular form of weight o for 5(2) .

x = M(T(2) .

dim Mo (W(2) = 00.




